We study the canonical Poisson structure on the loop space of the super-double-twistedtorus and its quantization. As a consequence we obtain a rigorous construction of mirror symmetry as an intertwiner of the N=2 super-conformal structures on the super-symmetric sigma-models on the Kodaira-Thurston nilmanifold and a gerby torus of complex dimension 2. As an application we are able to identify global moduli of equivariant generalized complex structures on these target spaces with moduli of equivariant orthogonal complex structures on the doubled geometry.
Introduction
1.1. The full (including all winding sectors) bosonic sigma-model on the 3-dimensional Heisenberg nilmanifold was quantized in [1] by combining Hamiltonian quantization, double field theory (DFT) [2] and a detailed analysis of the loop space of the so-called double twisted torus [3] . The latter is a T 3 -fibration over T 3 which makes the T-duality between the Heisenberg nilmanifold and a 3-torus T 3 twisted by a 3-form flux a manifest symmetry of the theory.
In this paper we continue the work of [1] by including fermionic fields to obtain a supersymmetric quantum theory. Just as dilogarithmic singularities in the OPEs prevent the full sigma-model with target the 3-dimensional Heisenberg nilmanifold from being encoded by a vertex algebra, the super-symmetric quantum theory cannot be fully formulated in the language of vertex super-algebras. These systems have been actively studied in relations to both vertex operator algebras and dilogarithmic singularities in the last few years, see [4, 5, 6, 7] and references therein.
To exploit the well-known correspondence between super-symmetric sigma-models and generalized complex structures on even-dimensional targets [8, 9] , we take direct products of the T-dual targets considered in [1] with a circle. As a result, we consider a T-dual pair (Y, N ) where Y is a 4-torus twisted by a 3-form and N is a 4-dimensional nilmanifold N with the topology of a S 1 -fibration over T 3 (or equivalently of a T 2 -fibration of a T 2 -base). While it is well-known that N admits both symplectic and complex structures, it admits no Kähler structure since its first Betti number is odd [10] .
One of the goals of this paper is to understand, at the level of the full super-symmetric quantum theory, how T-duality intertwines generalized complex structures on N and Y . In particular we are interested in the mirror symmetry obtained by T-duality on the T 2 -fibers of N . In this case, symplectic structures on Y with respect to which the T 2 -fibers are Lagrangian are intertwined with complex structures on Y with respect to which the 3-form is of type (2, 1) + (1, 2) .
Each of these generalized complex structures gives rise to an action of the N = 2 superconformal algebra of central charge 12 on the zero-winding sectors of the super-symmetric quantum sigma-model with target the underlying manifold. Since T-duality intertwines winding and momentum operators, a full understanding of mirror symmetry for these sigmamodels requires adding winding sectors to both sides. In the spirit of DFT, we address this problem by lifting the T-dual super-symmetric sigma-models to an 8-dimensional nilmanifold X × T 2 where X is the double twisted torus considered in [1] and T 2 is a 2-Torus. Geometrically, both the symplectic structure on N and the complex structure on Y can be realized as complex structures on X × T 2 . We show that the corresponding N = 2 superconformal structures also admits lifts to X × T 2 which are then intertwined by the manifest T-duality.
More generally, complex structures on X × T 2 which are orthogonal with respect to the tautological pairing on (X × T 2 ) are in correspondence with generalized complex structures on both N and Y or, equivalently, with N = 2 super-conformal structures on the corresponding sigma models.
1.2. The paper is organized as follows. In Section 2 we describe a Poisson structure on the space of super-loops on the double twisted torus and its quantization. In particular, we show that bosonic and fermionic sectors of the quantum theory do not interact. In Section 3 we add the auxiliary circle directions and explain the relationship between N = 2 super-conformal structures on the resulting quantum theory on the one hand and complex structures on the 8-dimensional nilmanifold X × T 2 on the other. In Section 4 we reinterpret these N = 2 super-conformal structures from the point of view of the T-dual pair of 4-dimensional targets (Y, N ). We also describe global moduli of N = 2 super-conformal structures both from the 8-dimensional and 4-dimensional perspectives.
2.2. In the notation of 2.1, let σ be a coordinate on Y = S 1 = R/Z and let X be of dimension 1 with local coordinate x. The vector field ∂σ gives rise to a derivation of V according to the formula
The other case of interest is the super-circle Y = S 1|1 with even coordinate σ and odd coordinate ζ. In this case, ∂σ admits an odd square root / D corresponding to the odd vector field ∂ ζ + ζ∂σ. In other words, / D is an odd endomorphism of the Z/2Z-graded algebra V such that / D 2 = ∂. The resulting structure on V is referred to as an NK = 1 SUSY Poisson vertex algebra in [13] .
2.3.
In the Hamiltonian approach to the sigma-model, one is interested in quantizing the super-manifold Map(Y, X). This amounts to constructing a Hilbert super-space H and replacing the coordinates φ µ (y) (or more generally the elements of V) with End(H)-valued distributions whose commutators are dictated by the Poisson brackets (2.1.1). For instance, let Y = S 1 and X = S 1 × S 1 . If σ is a coordinate on Y and (x 0 , x * 0 ) are coordinates on X, the general loop in Map(Y, X) can be expanded using formal Fourier series as
where ω 0 , ω * 0 ∈ Z, x n , x * n ∈ R, n = 0 and x 0 , x * 0 are well defined modulo Z. If X is endowed with the symplectic structure such that {x * 0 ,
In this case, or more generally whenever Y = S 1 and π1(X) is abelian, vertex algebras provide an adequate algebraic framework for quantization.
2.4.
Let Λ ≃ Z 3 be a free Z-module of rank 3 with basis {ω * i }. We denote by ε ijk the totally antisymmetric tensor, thought of as an isomorphism det :
Let ω i be the dual basis of Λ ∨ . Let R be a super-commutative R-algebra (for simplicity the reader may take R = R), let V := Λ ⊗ Z R and let V * := Λ ∨ ⊗ Z R be its dual space. The bases ω i and {ω * i } define coordinates {x 1 , x 2 , x 3 } on V and {x * 1 , x * 2 , x * 3 } on V * , respectively. In these coordinates, the 3-form det can be written as ε ijk dx i dx j dx k . Consider the Lie group G defined as a central extension:
with multiplication given by
for all v, w ∈ V and v * , w * ∈ V * . Quotienting by the co-compact subgroup Γ ⊂ G generated by Λ and Λ ∨ we obtain a compact 6-dimensional nilmanifold XR = Γ\G. If R = R, we denote this manifold simply by X. The projection G → V induces a T 3 -fibration π : X → Λ\V ≃ T 3 which is topologically non-trivial as π 1 (X) = Γ is not abelian.
2.5.
Let g be the Lie algebra of G. Since g is a 2-step nilpotent Lie algebra, whose only nontrivial brackets are of the form [v, w] = det(v, w, ·), the exponential map is a diffeomorphism from g to G.
The coordinate expression for det shows that g admits a basis α i , βi 3 i=1 with respect to which the only non-vanishing brackets are [βi, βj] = ε ijk α k .
(2.5.1)
Moreover, g is endowed with an ad-invariant non-degenerate symmetric bilinear pairing (· , ·) ∈ Sym 2 g * and an ad-invariant non-degenerate alternating pairing ω ∈ ∧ 2 g * such that V and V * are isotropic for both pairings and furthermore
The Cartan form ([·, ·], ·) ∈ ∧ 3 g * is ad-invariant and its restriction to ∧ 3 V * coincides with det. Since left-invariant vector fields on G provide a trivialization of the tangent bundle of X as T X ≃ X × g, these structures can be interpreted geometrically on X. Namely, ω corresponds to a 2-form ω ∈ ∧ 2 T * X while the Cartan form corresponds to the pullback π * det of the orientation form defined by det (which we denote by the same symbol) on Λ\V ∼ = T 3 . These two differential forms on X are related by dω = π * det. In particular, π * det is exact even though det is not zero in H 3 (Λ\V ). In the language of [14] , (X, ω) is a twisted Poisson manifold with background π * det.
is a key ingredient in the construction of the super-symmetric theories of this paper. The super-commutative algebra of functions on T [1]X is a free module of rank 6 over C ∞ (X). The fermionic counterparts
. Locally, the super-manifold T [1]X has 6 even coordinates x i , x * i and 6 odd coordinates ψ i , ψ * i . T [1]X can also be realized as a global quotient as follows. The Lie algebra g admits a super-extension gsuper := g ⋉ g [1] , where the semidirect product is taken with respect to the adjoint action and the super-brackets in g [1] vanish. Then
is the Lie super-group integrating gsuper := g ⋉ g [1] . In this sense, T [1]X can be thought of as a "super-nilmanifold".
2.7.
Let g be the Lie algebra of 2.5 with its symmetric invariant pairing (· , ·). Consider the affine Kac-Moody Lie algebraĝ = g((t)) ⊕ CK. It is a central extension of the complexification of the Lie algebra Map(S 1 , g) of loops in g. We also have the affine Kac-Moody vertex operator algebra V (g) is generated by fields α i , βi , i = 1, 2, 3 whose non-vanishing OPEs are
(2.7.1)
Passing from S 1 to the super-circle S 1|1 , we obtain a Lie super-algebra Map(S 1|1 , g) of superloops into g, its central extensionĝsuper and the vertex super-algebra V (gsuper) [15] generated by the even fields α i , βi 3 i=1 and by the odd fields ᾱ i ,βi 3 i=1 whose only non-trivial OPEs are given by (2.7.1) as well as
In terms of super-fields, V (gsuper) is generated by the odd super-fields
and the OPEs (2.7.1)-(2.7.2) can be rewritten as 
. The action of Γ on G by left-multiplication induces a representation of Γ on OG defined by (γ · f )(g) := f (γ −1 · g) for all f ∈ OG, γ ∈ Γ and g ∈ G. Similarly, Z acts on R[σ, ζ] by (n · p)(σ, ζ) := p(σ − n, (−1) n ζ). In terms of the pullback homomorphismφ * , the equivariance ofφ is equivalent to the existence, for every n ∈ Z of a γ ∈ Γ such that
for all f ∈ OG.
2.9. Since it is enough to check (2.8.1) on generators of OG, we may describe the equivariance condition forφ more explicitly as follows. If γ = (ω * i , ωi) ∈ Γ, then
where we sum over repeated indices. Given a loop ϕ ∈ L s X we write, with a slight abuse of notation,
. In this way, every super-loop in L s X can be described in terms of its components x i (σ, ζ), x * i (σ, ζ) on which we impose the constraints
for some (ω * i , ω i ) ∈ Γ and for all i = 1, 2, 3. 2.10. Formally, the general solution of (2.9.1) is of the form
Notice that the identity ε ijk ω i ω j x k = 0 is needed in order to check that the expansion (2.10.1) does indeed satisfy the equivariance constraint (2.9.1).
2.11. The use of complex exponentials in (2.10.1), requires us to complexify our variables and work with (C * ) 1|1 instead of S 1|1 . Moreover, we are implicitly stepping outside the algebraic category into the differentiable category. At the cost of introducing logarithms, one can return to the realm of super formal power series by the super-conformal change of coordinates z = e 2π √ −1σ , θ = (2π √ −1) 1/2 ζe π √ −1σ . In terms of these new coordinates, the fields (2.10.1) can be expanded as
(2.11.1)
Setting θ = 0, we recover the expansion of loops in X found in ([1], Section 2.2). 1 Recall that x i (resp. x * i ) is viewed as a coordinate of V (resp. V * ). 2 Here we see that we need to work over coordinate rings R with odd parameters.
2.12.
The presence of logarithms in (2.11.1) means that the fields x i (z, θ), x * i (z, θ) are multi-valued. One way to obtain single-valued fields is to differentiate and look at currents instead. The trivialization T * X ≃ X ×g * , provided by the the globally defined left-invariant differential forms
on X suggests that the right currents to consider are
where / D is the odd derivation that acts on our fields as ∂ θ + θ∂z, and extends the vector field ∂ ζ + ζ∂σ of 2.2. A straightforward calculation shows that the currents (2.12.2) can be expressed in terms of the components (2.11.1) as
(2.12.3) Since these expansions contain no logarithms, the super-fields (2.12.2) are well defined.
2.13.
We would like to use the explicit expansion of the super-loops on X given in (2.11.1) to quantize the infinite-dimensional Poisson super-manifold L s X. We impose the canonical quantization relations in two steps. 
Imposing the OPEs (2.7.4), we obtain that in particular
(2.13.5)
Combining (2.13.5) with the commutators deduced from (2.7.4) we arrive at the full set of canonical commutators
which encodes the Poisson structure on L s X.
2.14 Remark. The denominator m 2 in the bracket [x * i,m , x * j,n ] is responsible for the appearance of dilogarithmic singularities in the OPEs of the corresponding vertex operators in [1] .
2.15.
Let L0 be the 13-dimensional Lie algebra spanned by W i , W * i , their conjugate coordinates x i 0 , x * i,0 and by . Let L b the Z-graded vector space whose degree-0 component is L0 and whose component of degree n is generated by x i n , x * i,n for all n ∈ Z \ {0}. As proved in ([1], Section 2.2), L b is an infinite-dimensional Lie algebra with respect to the commutators (2.13.6). This can be extended as follows. Let L f be the ( 1 2 + Z)-graded vector space generated by ψ i n , ψ * i,n , in degree n ∈ 1 2 + Z and let L = L b ⊕ L f [1] . It is straightforward to check the following Lemma. L is a 1 2 Z graded Lie super-algebra whose generators obey the commutators (2.13.6). 
where L− and L+ respectively denote the components of negative and positive degree of L . The group G acts on X and thus on L 2 (X). The differential of this action defines a representation of g on C ∞ (X) which can be extended to L0 by letting: act as the identity, x * i,0 and x i 0 act by multiplication by the local coordinates x * i , x i of X, W * i and Wi act according to (2.13.4) We further extend this representation to all of L ≥0 by requiring that L+ · C ∞ (X) = 0. The induced representation
is compatible with the pairing (2.16.1) and can be completed to a Hilbert super-space which we also denote by H . Setting L b + = L+ ∩ L b , we recover the Hilbert space of [1] as the completion of
2.18. Alternatively, H can be defined in terms of the action of Gsuper on the super-manifold T [1]X described in 2.6. In fact, the differential of this action defines an action of the subalgebra L −1/2 ⊕ L0 ⊕ L 1/2 on C ∞ (T [1]X) with respect to which: a) acts as the identity; b) x * i,0 , x i 0 , ψ * i,−1/2 , ψ i −1/2 act by multiplication by the respective local coordinates x * i , where we denoted the identity of V (gsuper) by ½. These are the commutators of a 1 2 + Zgraded Lie super-algebragsuper generated by a) a central element ½ in degree 0; b) even vectors βi,n, α i , n in degree n ∈ Z; c) odd vectorsβi,n,ᾱ i n of degree n ∈ 1 2 + Z .
In particular, the degree-0 part ofgsuper is gsuper ⊕ ½. 
If the representation of gsuper on C ∞ (X) is extended tog super,≥0 by requiring that ½ acts as the identity and thatgsuper,>0 acts as zero, the identification (2.19.3) defines a canonical isomorphism ofgsuper-modules
Moreover this isomorphism intertwines the symmetric bilinear forms (2.16.1) and (2.20.1). 
Moreover, under the state-field correspondence, fields corresponding to vectors in H b ⊗ |0 f have trivial OPEs with fields corresponding to vectors in |0 b ⊗ H f .
Proof. Under the change of variables
ε ijk x k n , n = 0 . 
where / D = ∂ ζ + ζ∂w is the square root of ∂ = ∂w. Notice that the super-field J generates the whole N = 2 super-conformal algebra in the sense that H is recovered from the OPE of J with itself and G ± can be calculated from the even and odd components of J and H.
3.2.
Let g be a simple or abelian finite dimensional Lie algebra with its invariant symmetric bilinear form (· , ·) and dual Coxeter number h ∨ . The vertex super-algebra V k (gsuper) [15] (see also [13, Example 5.9] for the super-field version) is generated by super-fieldsā, a ∈ g with OPEs
In terms of the components of
The following proposition is proved in [16, Prop. 2.14] as a particular case of a construction of Getzler [17] .
3.3 Proposition. Let l be a Lie bialgebra and g := l ⊕ l * its Drinfeld double. Let h ∨ be the dual Coxeter number of g. Let {ei} n i=1 be a basis of l and e i l i=1 its dual basis of l * . The super-field 3.4. Let x 0 , x * 0 be local coordinates on T 2 = Z 2 \R 2 . Super-loops on T 2 can be expanded 4 as
(3.4.1) 3 We are rescaling here the field J of [13, 16] to avoid unnecessary √ −1 factors. 4 a rescaling analogous to the one used in Section 2.13 being understood.
The standard quantization of L s T 2 is obtained by requiring the coefficients of these expansions to satisfy the canonical commutation relations
Denote by L T 2 the 1 2 + Z Lie super-algebra with commutation relations (3.4.2) and by H T 2 its module induced from the action of the degree-0 part of LT 2 on C ∞ (T 2 ). Combining with the L -module structure of H we obtain a (L ⊕ L T 2 )-module structure on (a completion of) H ⊗ H T 2 induced by the action of the degree-0 part of L ⊕ L T 2 on C ∞ (X × T 2 ).
3.5.
Let g ⊕ t 2 be the 8-dimensional Lie algebra obtained as a sum of the 6-dimensional Lie algebra g ⊕ t 2 and a two-dimensional commutative algebra t 2 . We endow t 2 with an invariant pairing of signature (1, 1) so that the natural invariant pairing on g extends to a natural invariant pairing (·, ·) on g ⊕ t 2 of signature (4, 4) . Since g ⊕ t 2 is nilpotent, then h ∨ = 0 and we can set k = 1 in the construction of V ((g ⊕ t 2 ) super ) since for any two non-vanishing level the algebras V k ((g ⊕ t 2 ) super ) are isomorphic. Here (g ⊕ t 2 ) super = (g ⊕ t 2 ) ⋉ (g ⊕ t 2 ) [1] is constructed as in 2.6. An argument similar to that of 2.19 shows that H ⊗ H T 2 has a natural structure of V ((g ⊕ t 2 ) super )-module.
The 8-dimensional real nilpotent group G × R 2 has Lie algebra g ⊕ t 2 and can be viewed as an extension of V ⊕ R by (V ⊕ R) * . G × R 2 contains the discrete co-compact subgroup Γ ⊕ Z 2 , which is a nontrivial extension of Λ ⊕ Z by (Λ ⊕ Z) v ee. The tangent bundle of the nilmanifold X × T 2 = (Γ ⊕ Z 2 )\G × R 2 is trivial and isomorphic to (X × T 2 ) × (g ⊕ t 2 ).
Let J be a (G × R 2 )-equivariant complex structure on X × T 2 i.e. a right-invariant endomorphism of T (X × T 2 ). Equivalently, J can be thought of as an endomorphism of g ⊕ t 2 . Such a J gives rise to a decomposition g ⊕ t 2 ≃ l ⊕ l where l (resp. l) is the √ −1eigenspace of J (resp. the − √ −1 eigenspace). Since J is an integrable almost complex structure, l, l are both subalgebras of g ⊕ t 2 . The natural symmetric invariant pairing (· , ·) of g ⊕ t 2 gives rise to a metric of signature (4, 4) on T (X × T 2 ) which can be extended to the complexification (T (X × T 2 )) ⊗ C. From now on we restrict our attention to equivariant complex structures J that are (· , ·)-orthogonal. It follows that each l and l is isotropic with respect to (· , ·) and the triple (g ⊕ t 2 , l, l) is a Manin triple. 
Mirror symmetry
In this section we realize the Hilbert super-space H ⊗ H T 2 together with the N = 2 superconformal structures described in 3.5 in terms of super-symmetric sigma-models with 4dimensional targets. In particular we show how the N = 2 super-conformal structure attached to the Kodaira-Thurston nilmanifold is mirror dual to the N = 2 super conformal structure of a complex torus twisted by a holomorphic gerbe. 
where ε ijk dx i dx j dx k is a local expression for det and the totally antisymmetric tensor is extended by setting ε ijk = 0 if at least one of the indices is zero. In particular, setting
. Consider the N = 1 super-symmetric sigma-model with target (Y, det) and its Hilbert super-space of states HY , thought of as a quantization of the algebra of local functions on the infinite-dimensional manifold L s Y . The connected components of L s Y are labeled by Λ ⊕ Z = π 1 (Y ) so that, similarly to [1] , one obtains the decomposition HY = ω∈Λ⊕Z HY,ω .
Vectors in v ∈ HY,ω are referred to as having winding ω.
The correspondence between the global frame {α i , βi} of E and the currents generating V ((g ⊕ t 2 ) super ) as in 2.7, make HY into a V ((g ⊕ t 2 ) super )-module structure. In absence of the gerbe, each summand HY,ω is the V ((g ⊕ t 2 ) super )-module generated by the zero modes which are identified with the Fourier basis of L 2 (Y ) (see for example [18] ). As explained in [1, Appendix] , the flux defined by det can be accounted for as follows. For each ω ∈ Λ ⊕ Z ≃ H1(Y ), let Lω be the line bundle on Y with first Chern class ιω det ∈ H 2 (Y ). If L 2 (Lω) denotes the space of L 2 -sections of Lω, the space of 0-modes of HY is canonically identified with ω∈Λ⊕Z L 2 (Lω). We have the following Proposition ([1, Appendix] ). There is a canonical isomorphism
Through this isomorphism, the natural (G × R 2 )-action on L 2 (X × T 2 ) defines a (G × R 2 )action on ω∈Λ⊕Z L 2 (Lω). Inducing the differential of this action endows HY with the structures of V ((g ⊕ t 2 ) super )-module. By construction we obtain a canonical identification H ⊗ H T 2 ≃ HY . Proof. Recall that T (X × T 2 ) and the standard Courant algebroid of (Y, det) are both trivial with fibers isomorphic to g ⊕ t 2 i.e. T (
. Therefore, equivariant complex structures on X × T 2 and equivariant generalized complex structures on Y both correspond to splittings of g ⊕ t 2 by isotropic subalgebras g ⊕ t 2 = l ⊕ l. The proposition follows then follows from the observation [19] that, since l is a nilpotent algebra, any such splitting will have trivial generalized canonical bundle and thus any equivariant generalized complex structure on Y is generalized Calabi-Yau.
4.3
Remark. HY is in fact a module over the chiral de Rham complex [20] of Y , viewed as the 0-winding sector of HY or equivalently as the V ((g ⊕ t 2 ) super )-module induced from L 2 (Y ). The N = 2 structure of HY corresponding to the generalized Calabi-Yau structure of Y is the one constructed in [16] .
Example. Consider holomorphic coordinates
are real coordinates on each S 1 factor. With respect to this complex structure
The √ −1-eigenbundle l of this generalized complex structure is generated by ∂ z 1 , ∂ z 2 , dz 1 , dz 2 while l has a framing given by ∂ z 1 , ∂ z 2 , dz 1 , dz 2 . As Lie algebras l = ⌉ ∫ ⊕ C is a sum of the 3-dimensional Heisenberg Lie algebra spanned by ∂ z 1 , ∂ z 2 , dz 2 and the commutative Lie algebra C spanned by dz 1 . The only non-trivial bracket in l is given by
Recall that the trivialization
is given by the identification ∂ x i = βi and dx i = α i . If we denote
the current J generating the N = 2 super-conformal structure given by Proposition 3.3 becomes
In terms of the scalar super-fields x * i (z, θ), x i (z, θ) and their well defined currents (2.12.3) we see that the N = 2 super-conformal structure is generated by the super-field
4.5.
Consider the real 4-dimensional Lie algebra C ⊕ ⌉ ∫ where ⌉ ∫ is the 3-dimensional Heisenberg Lie algebra. Exponentiation yields the 4-dimensional real Lie group R × Heis and its lattice Z × Heis(Z). Here Heis(Z) can be viewed as the group of upper triangular 3×3 matrices with integer entries with its natural embedding in the real 3-dimensional group Heis. We have the corresponding 4-dimensional nilmanifold N := (Z×Heis(Z))\(R×Heis). It is a non-trivial S 1 fibration 5 over T 3 . Let us choose coordinates y i 3 i=0 on N as follows. y 0 is a coordinate on the copy of R ⊂ R × Heis. And we identify Heis with R 3 with coordinates y i 3 i=1 and multiplication given by
The standard Courant algebroid of N is trivialized by the left-invariant vector fields and differential forms on R × Heis. If the standard Courant algebroid of N is identified with N × (g ⊕ t 2 ) by setting
The fiber is given by the copy of R given by the center of Heis modulo the copy of Z given by center of Heis(Z) the standard Dorfman bracket defined by
for all τ, τ ′ ∈ T N and ζ, ζ ′ ∈ T * N matches the commutators (2.5.1) of g ⊕ t 2 . Let HN be the Hilbert super-space obtained from quantizing the Poisson super-manifold T * L s N ≃ T * [1]T * L N . The super-currents corresponding to the invariant sections (4.5.1) of (T ⊕T * )N provide HN with the structure of a V ((g ⊕ t 2 ) super )-module as follows. The connected components of L s N are parametrized by conjugacy classes in Heis(Z) = π1(N ). For each such conjugacy class ω ∈ π 1 (N ) ∼ , the space of 0-modes is a copy of L 2 (N ). There is an embedding of R × Heis into the 8-dimensional nilpotent group G × R 2 , which in terms of the coordinates y i of R × Heis and x i , x * i of G × R 2 can be written as
As explained in [1, Appendix] this embedding induces a natural identification
intertwining the action of R × Heis. The Hilbert super-space of states HN is then constructed as the representation of V ((g ⊕ t 2 ) super ) induced from ω∈π 1 (N) ∼ L 2 (Y ). Hence, by construction, we have an identification H ⊗ H T 2 ≃ HY . The graph l of the corresponding generalized complex structure on (T ⊕ T * )N ≃ N × (g ⊕ t 2 ) is isomorphic to T N and is spanned by ∂ y 0 − √ −1dy 1 , ∂ y 2 − √ −1dy 3 as well as
The corresponding N = 2 super-conformal structure is identified with the one in HY given in Example 4.4.
4.8.
We would like to describe moduli of equivariant generalized complex structures on (Y, det) and N from the point of view of equivariant (· , ·)-orthogonal complex structures on X × T 2 . Equivariant generalized complex structures on a nilmanifold are in bijection [19] with left-invariant pure spinors lines C * ρ such that dρ = 0 and ρ ∧ ρ > 0. The same holds in presence of a closed left-invariant 3-form H, provided that d is replaced by the twisted de Rham differential dH = d + H∧. Consider first the component of the moduli space of equivariant generalized complex structures on (Y, det) represented by pure spinors of even degree. Such a pure spinor ρ is a C-linear combination of invariant d det -closed forms of even degree on Y i.e.
In particular, every such spinor gives rise to a generalized complex structure of type 2 and thus the projection ρ2 of ρ onto Ω 2 (Y ) defines an ordinary complex structure on Y . Once ρ2 is chosen, no further conditions are imposed on a0123. To summarize, ρ is a spinor of an equivariant generalized complex structure on the gerby torus Y if and only if ρ2 ∧ ρ2 = 0 and ρ2 ∧ ρ 2 > 0. This allows us to parametrize equivariant generalized complex structures on (Y, det) by the open subset of the hypersurface a01a23 − a02a13 + a03a12 = 0 in CP 6 on which a01a23 − a02a13 + a03a12 + a01a23 − a02a13 + a03a12 > 0 .
If one wishes to quotient by infinitesimal generalized diffeomorphisms (as opposed to ordinary diffeomorphisms), or equivalently by orbits of the adjoint action with respect to the (twisted) Dorfman bracket, then all choices of a0123 lead to isomorphic generalized complex structures. Therefore, we may set a0123 = 0 and realize the moduli space as an open subset of the hypersurface in CP 5 which is the image of the Plücker embedding. This construction is a particular case of the realization of the moduli spaces of complex structures on tori as open subsets of Grassmannians described in [21] .
4.9.
Without loss of generality, we may write ρ = η1η2 + a0123η1η2η 1 η 2 for some invariant 1-forms
The √ −1eigenbundle of the generalized complex structure on (Y, det) associated with ρ is the C ∞ (Y )module generated by {η1, η2, ξ 1 − a0123η 2 , ξ 2 + a0123η 1 }. Therefore, the √ −1-eigenspace of the (G × R 2 )-equivariant complex structure J on X × T 2 induced by ρ is the C ∞ (X × T 2 )module generated by {ξ * 1 , ξ * 2 , ξ 1 − a0123ξ * 2 , ξ 2 + a0123ξ * 1 }, where ξ * i = 3 j=0 ηij ∂ x * j for i = 1, 2. Hence, J is uniquely defined by the left-invariant pure spinor
Here we are implicitly using the triviality of the generalized tangent bundles of X × T 2 and (Y, det) to identify, abusing the notation, dx i with π * dx i , ∂ x i with π * ∂ x i etc. Since the twisted Dorfman bracket on invariant sections of (T ⊕ T * )Y matches the Lie bracket on left-invariant sections of T (X × T 2 ), we see immediately that complex structures on X × T 2 corresponding to different values of a0123 are isomorphic.
4.10.
We may further assume that η1 is of the form η1 = dx 0 + η with both η and η2 annihilated by ∂ x 0 . In this notation, ρ = dx 0 η2 + ηη2 + 2a0123dx 0 ηη2η 2 and Ω J = η2(dx * 0 − η * − a0123η 2 )(dx0(η * 2 − 2a0123η) + ηη * 2 ) . The identification of (Y, det) with (Y ′ , det) shows that spinors of odd degree representing equivariant generalized complex structures on (Y, det) must be (up to scaling) of the form ρ = η2 − dx 0 ηη2 + 2a0123ηη2η 2 .
A straightforward calculation shows thatρ defines an equivariant complex structure J on X with pure spinor Ω J = η2(dx 0 − η * − a0123η 2 )(dx * 0 (η * 2 − 2a0123η) + ηη * 2 ) . In other words, T-duality in the direction x 0 is reflected on X × T 2 by exchanging dx 0 and dx * 0 in (4.10.1). Since T-duality is an isomorphism of Courant algebroids [23] , different choices of a0123 lead to generalized complex structures that are intertwined by generalized diffeomorphisms. Therefore, T-duality is a symmetry of the moduli space of (·, ·)-orthogonal equivariant complex structures on X × T 2 which identifies the connected component corresponding to equivariant generalized complex structures of type 2 on (Y, det) with the component corresponding to structures of type 1.
4.11.
In the patch where a02 = 0, we can further write η2 = dx 2 + λ with η and λ spanning the subspace generated by dx 1 and dx 3 . As before, up to infinitesimal generalized diffeomorphisms, we may set a0123 = 0. T-duality in the x 2 -direction yieldŝ ρ = S 1 e (dx * 2 − 1 2 x 1 dx 3 + 1 2 x 3 dx 1 )dx 2ρ = e λx * 2 +ηx 0 thought of as a spinor of even degree on the nilmanifold N . Since the even de Rham cohomology of N is generated by
up to diffeomorphisms, all left-invariant symplectic structures on N are of this form. If a02 = 0, thenρ defines an equivariant complex structure on N , possibly twisted by a Bfield. If a13 = 0, then there is no B-field and we obtain the description of the moduli of equivariant complex structures in the Kodaira surface of [24] (deformations of complex Kodaira surfaces as generalized complex structures are also described in [25] and [26] ). Regardless of the values of a02 and a13, each of these structures can be realized on X × T 2 by swapping dx 2 and dx * 2 − 1 2 x 1 dx 3 + 1 2 x 3 dx 1 in (4.10.2) for a suitable J . Finally, just as in the case of the gerby torus (Y, det) described above, T-duality in the x 0 direction results into an isomorphism that interchanges the connected components of the moduli space of equivariant generalized complex structures on N . These structures can be realized on X × T 2 by swapping dx 2 and dx * 2 − 1 2 x 1 dx 3 + 1 2 x 3 dx 1 in the expression for Ω J . To summarize, we have the following 
